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Abstract—An attempt was made to compare two direct methods, proposed by Kamide et al. and Solc,
for determining the cloud point curve (CPC) of a quasi-binary system consisting of a multicomponent
polymer with the same chemical composition dissolved in a single solvent. Although both methods are
based on the same modified Flory-Huggins theory combined with the principle of Gibbs’ two phase
equilibrium, the Kamide method is more general than the Solc method because in the former the molecular
weight-dependence of the y-parameter is fully considered. The procedure of direct integration employed
in the Kamide method was concluded to be more general than the polynomial expansion procedure in
the Solc method. Systematic computer experiments on the CPC were carried out under the same operating
conditions according to the above two methods and Solc’s method compared with our direct integration
procedure. The Kamide method gave the CPC almost identical with that estimated by the Solc method,
but the former method has an advantage in accurate calculation of the CPC in the low polymer
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concentration region.

INTRODUCTION

Kamide, Matsuda and coworkers [1-4] established a
phase equilibrium theory for a quasi-binary system
consisting of a multicomponent polymer and a single
solvent, taking into account the polymer concentra-
tion- and polymer molecular weight-dependences of
the thermodynamic polymer—solvent interaction
parameter ¥ and proposed a direct method for
calculating the cloud point curve (CPC) from their
fundamental equations [see equations (23) and (24)]
derived on their theory, in place of an indirect
method, proposed in 1965 by Rehage et al. [S], where
the CPC was determined as the intercept of the
initial concentration axis and the coexisting curve.
Note that Rehage er al. [5] carried out some exper-
iments only for the determination of the CPC for
the polystyrene/cyclohexane system and thereafter
Koningsveld and Staverman [6] calculated the CPC,
according to the Rehage method [5], for the same
polymer—solvent system. In addition, Kamide et al.
[1-3] carried out, using their method, extensive
and systematic computer experiments in order to
clarify the effects of the molecular weight distribution
(MWD) of the original polymer, its weight-average
degree of polymerization, X,,, and the concentration-
dependence of y on the CPC and ““cloud particle”,
and indicated that the CPC is extremely sensitive to
the first and second order concentration-dependence
parameter p; and p, of y (see, Fig. 12 of Ref. [3]).
They also calculated the CPC, for comparison with
the actual experiment on a polystyrene/cyclohexane
system [3], under the same conditions as those in
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an actual experiment and concluded that an experi-
mental CPC can be reasonably interpreted by
their phase equilibrium theory when the combi-
nations of the first and second order concentration
dependence parameters are adequately chosen and
the molecular weight dependence of y is also con-
sidered, in particular, in the low concentration
range. On the other hand, Solc [7] proposed another
direct method for determining the CPC for a quasi-
binary system when y is independent of the concen-
tration [see, equation (42)], after expressing statistical
moments of MWD of the polymers partitioned in
a cloud particle in terms of the summation of
the products of the partition coefficient o [see,
equations (11)«13)] and statistical moments of
MWD of the original polymer [8]. He studied ener-
getically, using his direct method, three- and four-
phase equilibria [9-16]. Solc extended his original
method to the quasi-binary system where y depends
on the concentration {15] [see equation (55)]. In this
article we intend (i) to compare carefully the detailed
derivation of two direct methods, i.e. the Kamide
fundamental equation [equations (23) and (24)] and
Soic’s “CPC equation” [equation (42) or (55)], for
calculation of the CPC and (ii) to examine which
method gives the more accurate CPC and shadow
curve.

THEORETICAL BACKGROUND

The yx parameter is empirically expressed as func-
tions of the polymer volume fraction v, and the
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number—average degree of polymerization X, in the
form [1-4],

X = m(l + Z p,U’) M

j=1
where y, is given by

%o=Xoo(1 +k'/ X,) @

_ ky 0
—(a+b/T)|:1+A—,n<1—7,):| 3)

p;is the jth concentration-dependent parameter, »n is
the maximum order of the concentration dependence
of y, 8 is the Flory temperature, T, the Kelvin
temperature, k' (or k,) is the molecular weight-depen-
dent parameter, y is a parameter independent of v,
and the degree of polymerization X, and dependent
on T only, a and b are parameters independent of X,
v, and T and characteristic of the system [2]. In
deriving equation (3), we employed the following
empirical relations [1, 2]:

k'=ky(1-6/T) )
Yoo=a +b/T. 5)

The chemical potentials of solvent and the X;-mer in
quasi-binary system, Ay, and Ap,; are, according to
the modified Flory~Huggins solution theory, given by
equations (6) and (7).

1
Apy = RT[]n(l - )+< X,,)vp

Kk’ n )
7)(1 +1§| p,-v{,>v§] (6)
Ap, =RT[lno, —(X;,— 1)+ X,.<1

1
= v,
kl
+ X(1 _Up)2Xw|[<1 +Z>

g Aalgoe]
+k’(%_——;7">
x [1 —lup * é. jij 1 @0 1 igu)ﬂ @

where R is the gas constant. Of course, Ay, and Ay,
satisfy the Gibbs—Duhem relation {4].

When the quasi-binary system is, at constant tem-
perature and constant pressure, in two-phase equi-
librium, Ay, and Ay, should be subjected to the
Gibbs’ conditions given by

Aoy = Aptr) 3)
Apy = Ay, G=1...m). O]

Here, the suffixes (1) and (2) mean the polymer-lean
phase and the polymer-rich phase, respectively,
and m is the total number of components in the
polymer.

+xm<l +

Substitution of equation (6) into equation (8) leads
to equation (10).

1—0p
Xoo = I:ln = S ©piy — o)
(2)

v v
p(l) pQ) 2 2
- <_X X ):I/{(Up(z) — o)
n(l) n(2),

v} ;
L et RW [COEES

n(2) n(l) j=

j+2 j+2
+k/<l’p(2) ”p(l)) }
Xn(2) Xn(l)

Substituting equation (7) into equation (9) gives the
partition coefficient o, [,12],

(10)

1 o,
= —In 2@ = g 4 gy, /X, an
i Xi()

where v,, o, @, ar€ the polymer volume fractions
of X;-mer in the poiymer-lean phase and the polymer-

rich phase, respectively and ¢, and ¢;, in equation
(11) are given by [3, 4]

v v
- p(1) p(2)
00_(vp(l)_vp(2))—<X —X 2)
n(l) n(2)

— Xoo {z(l’p(n — ) — @) — Vi)

and v
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+
Z P ’[ +1
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00
Xn(l) Xn(Z) Xn(l) Xn(Z)
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p(h) Q)
+2p I:(X_ -
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jt+2 j+2
_ (”pm Yp2) >]
Xn(l) Xn(Z)
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O = — leooIi(Upm - Up(z))

@4ty —vhe)

(12)
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wi—viah | 03
In the case where the initial polymer volume fraction
vy is less than the critical polymer concentration v§

(v < wvy), which is given as a solution of the followmg
51multaneous equations (3):

L P PR
X%, 11—y, ™ X0 X0
x|:2+2p,-(j+2)v{;]=0 (14)

i=t

1 X
—100{1 +k'<1 +F“}—5>}

x { Y pij +2)vg"=o} (15)
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where X% and X? and the weight- and z-average X;
of the original polymer, respectively, the volume
fractions of X;-mer in the two phases at cloud point,

vy, and v, ., are given by [3,4]:
Vg, = V% (16a)
Vg = U% €XP(0, X)) (16b)

where 0§, is the X;-mer volume fraction in the starting
solution, and the ratio of the volume of polymer lean
phase, V,,, to that of polymer rich phase, V.,
R( = V,,/ V) attains infinity, and the polymer-rich
phase becomes ‘“‘cloud particle” (ie. V=V and
‘n=0; Vis the total volume of the system) [3, 4].

In the case of o?° »>v;5, R=0 (ie. V=0 and
’m = V) is realized at the cloud point and v, = and
v, , are given by equations (17a) and (l7b) f3 4]

(17a)
(17b)

In this case, the polymer-lean phase becomes ““cloud
particle”. v [=v,(X)] is given as g, (X,)/ V (here,
£0(X,) is normalized MWD of the original polymer)
and then . [equation (16b)] (or v, [equation
(17a)]) is a function of a single variable of ¢, at the
cloud point. vy, vpa)» X,y and X, are calculated
by using the following equations:

Vg, = L%, €Xp( — 6,.X))

Xy

0
) =p
L.\,ﬂm l’.x,'

Loy = ZL\,(,, (18a)
Doy ‘éiv“u, (18b)
Xn(.,=":z"] / [zw‘,”,m} (19)
O / [Z(vm,/X)] (19b)

Hence, at the cloud point, v, and X, (or v, and
X, ) are functions of o, and gy, and moreover, ¥y

Xoo = X00(T05 Go1)- (20)

True g, and o, at the cloud point (hereafter
referred to as off and o§}) can be evaluated self-
consistently by resolving the simultaneous equations
as follows:

g5=0

(21
001{05,00) ~ (22)

Equations (21) and (22) are “‘fundamental equations”
for calculation of the CPC. Here, ¢ and ¢}, are the
assumed o, and g, , respectively. Substituting ¢ and
o, obtained from equations (21) and (22), into
equation (20), we obtain the true y at cloud point,
x&, which can be converted, using equation (5), to T
at the cloud point, 7%, and finally the CPC (T*" vs
vg curve) can be calculated.

In the case of vy <wvy, true v, Lm), > Op2)s
X,,m and X, at the cloud point, v? . v¥ ., vy,
X%, and X%, can be obtained:

0o(05,0%) —

a
gy =0.

P(l)’

4P
L‘:lll

=v} (16a")

0
v, =y exp(e? X)) (=v)

(16b)

vk, =0) (18a")
vy = Z v, (=vF) (18b")
X, =X (192)

m

Xh=% L’v‘,"z,/[z @ t,m/X)](—X“’) (19b7)

i=

where ¢ [oF (X)), v and X'? are v, v, and X,

of polymer partitioned into ‘“cloud particle”
respectively.
0 C] s
In the case of vy > vy, 0P, 08, vT, the, X
and X', can be obtained:
0 — ps ’
vy, =0y exp( — o X} (=07) (17a%)
. — 10 ’
ve, =0 (176")
— 1 CP "
von = Z L\',(”( v ) (18a")
C| 4,0
vy =0 (18b")

X = Z v m,)/[z (CRANR ¢ )](— 7)) (192%)

(19b")

Substitution of equation (12) into equation (21)
yields equation (23) and substitution of equation (13)
into equation (22) gives equation (24).

XP =X

60(05, 03)— 0

= (Wi, — o) (Upu) L’p<2)>
=Wy T Py T -
Xntl) Xn(Z)

X \ 2 2
- 1500{2(%(1> = Up) = (Up0) — Vh2)

n
+2p L 1 vpty = vht ) — (Oh} = vy )]}
j=1
2 2
— 2ok’ {( p(h p<2)>_<”p(1) Up(l))
00 —pdy  7p@
Xn(l) Xn(Z) Xn(l) Xn(Z)
n Jj+1 Jj+1
v! v!
ey V)
j=1 n(l) n(2)
Ji+2 W2
Upi _ Upy a
—04=0
Xn“l Xy
oo (0§, 08) —aj,

, o P
=—k Zoo{(vpm‘ Vo)) +-21 j-{jl @3 — "farz)l)}
P

(23)

— 04 =0. (24)

Here, x4 is given by equation (10).

In the case of k" = 0 (k, = 0) and p; # 0, we obtain
gy, =0 [then equation (13) diminishes] and o, is
independent of X; and is equal to ¢( = 0,). Accord-
ingly, variables in equation (23) reduce to the single
variable (6,) and equation (23) can be transformed
into equation (25), which is a fundamental equation
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of the CPC at k' =0.

oo(03) — 0}

v Y,

p(l) PQ)
= (1) — v ) _( — __)
p(l) p2) % Y

n(l) n(2)

= X004 2oy — Up2))

2
*(l’p(n“vitz))

n J + 2 )

+ 2P [—“— (03 — vhty)
j=1 J

— (vih} — viE; )]} —65=0. (25)

Yoo = %o at k" = 0) in equation (25) can be estimated
by putting k' =0 in equation (10), i.e.

XO = ZO(O-a)
l—-v, oy Uop
]nl__—;u‘*'[bpm Lo] = %'fﬂ
p(2) (1) n2) ) (26)
i — vl + Z pileyt; — v

j=1

Inthecase of k' =0 (ky=0)and p,=0(j=1...n),
equation (25) can be simplified further to

12 v
a o , pit) oty
00(0'0)“0'8—("’;:“)‘1’;,(2))— 5% —X
n(ly n(2)

vloll —os=0 (27)

- XOO{Z[Up(l) Y [Ugm -
with

XO(aa) ( = XOD)

11—
p() ,
= {ln——l — + [t — o)
— Uy

[2 v
p(l) p{2) [ 2 2
— = ) vl — 03]
X X p(2) pil).
[ n(1) n(2):|}/

Simultaneous, self-consistent equations [equations
(21) and (22)], derived by Kamide et al. [3, 4], can be
easily generalized for determination of the CPC of the
system consisting of two multicomponent polymers
with different chemical compositions (polymer blend)

(28)

17).

go]c [7] derived an equation which allows direct
calculation of the CPC [see equation (42)] for the
case of k" =ky=0and p,=0: When k' =k, =0 and
p, =0, equations (6) and (7) become

- 1 .
Apo = RT[ln(l —r,) + (1 - ?)v" + Xool";:! (6)

=RT[lnv_\.( -, -1

1 )
+X,-(1_'/i7>”p+XiXoo(1 _vp)‘]' )

Substitution of equation (6’) into equation (8)
gives equation (29):
1—v
0= In—L2+ @, = tp0)
— Upi)

U Yy ) 2 2
| === )+ xo(Up — Vo). (29)
<Xn(2) Xn(l) P ’

Substitution of equation (7’) into equation (9) yields
equation (30):

l v v l
p(2) p)
0y = — [ty — o] + Y. x.
w X

- Xoo{[l - Up(Z)]2 —[t - Upm]2 } (30)

By eliminating [me Vo] — [zp(z)/X,,{z,—vp(,,/
,,(,,] from both equations (29) and (30), equation
(31) is obtained:

o,=In

+ 2X00[vp(’) - Up(l)] (31)
Lp(l)

[Equation  (31)] x [v,) + v,2))/2 ~ [equation  (29)]

gives a modified two phase-equilibrium condition,

given by
o+ 00 v v
p(l) p(2) plly P2}
08 [ J + [UD(Z) - Up(ll] + -
2 Xn(l) XH(Z)
P2 =0

+|:1 _ by +vp(2)] In -ty
2 1 —v,

In the process of calculation of the CPC equation,
Sole [7] represented the MWD of the polymer parti-
tioning in “cloud particle” g« (X,) as

(32)

gP (X)) = hm cp( )—-g0 (X)) exp(KoX;). (33)
Here, in the range of vp <}
Q0=1/R (34a)
K=+1 (34b)
v (X)) =, [=0E(X)] (34¢)
and in the range v > v,
¢=R (35a)
K= -1 (35b)
(X)) =0 [ =v(X)) (35¢)

Thus equation (33) is the same as the expression of
equations (16b’) and (17a").

He defined the kth moment of g,(X;) and g (X)),
as denoted by p, and v,, by equations (36) and (37),
respectively.

/tk=j Xig (X)) dx, (36)
0

h= f XEg®(X)dX, (37
0

Substituting equation (33) into equation (37) and

after carrying out a series expansion of the term

exp(Ka X;), we have

h
w= [ o § 0
0 h=0 :

Using equation (36), equation (37’) can be rewritten
in the form,

dx,.  (37)

Ee K h
V= Z [(—‘ha‘—)"lluh] (38)
h=0 :
P K h
= Z [(_710_;)_!1’(”] (38")
h=0 :
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where h,, is the minimum A with which we can judge
equation (387) to be correct. Note that Solc did not
discuss the concrete value of A, and so we cannot
judge to what order we should calculate.

Statistical moments of MWD of the original poly-
mer, u,, are expressed by the average degree of
polymerization as

uo,=1/x9 (3%a)
=1 (39b)
=X (39¢)

k-2
m=X0 T X%, k22 (39d)
¢-0

Tpie Ty X, and X, can be expressed in terms
of v}, vy, vy, and p_,.
For v} <}

Up(\)'—“vg(::#o“/) (40a)
Upey = Up Vo (40b)
Koy =Y (40c)
Xom =Vo/v_1. (40d)
For v) >0},
vpm = 0v, 41a)
l’ptz):vg(=#0/V) (41b)
Xon=velv_, (41c)
KXoy = Hp_y. (41d)

Substituting equations (40a)-(40d) or equations
{(41a)-(40d) into equation (32), we obtain

Ko (1 +v)
2

F-D—=0v_(—py)

NV
NEREATRES T

vy 2 -,
Here, as described before, in the range of <vy,
K = +1 and in the range v} > v}, K= - 1. Since
i, is known, v_, and v, are functions of ¢§ only and
equation (42) can be expressed by o§ alone. The value
of o3, which satisfies F(o3)=0 for a given initial
polymer volume fraction, is o, at the CPC, i.e. 6.
Equation (42) is Solc’s CPC equation, which is
expressed by v_, and v, in place of vy, Toey)s Xagy
and X,, used by the method of Kamide er al
Substitution of equations (40a)-(40d) or (41a)-(41d)

into equation (31) leads to

F(a}) =

4

,0
12wy
I ~vp%

By putting ¢, obtained from equation (42), into
equation (43), we obtain the true xy at the CPC for
given »J.

It can be shown that equation (32) is derived by
substituting yq given by equation (28) into equation
{(31) and that equation (30) is derived from combina-
tion of equations (27) and (28). Equations (42) and
(43) can be derived from equations (30)~(32) under
the condition of infinitely small volume of the cloud
particle. Accordingly, Solc’s CPC equation [equation
{42)] and equation {(43) are equivalent with

210005 (v — 1) = Koy + In

Kamide-Matsuda’s fundamental equation of the
CPC [equation (27)] and equation (28) which are in
the case of k' =ky=0and p,=0.

Recently, Solc er al. [15] derived a generalized
“CPC equation” for the quasi-binary system by using
the expression of g-parameter, g(7T, v,), which is the
polymer-solvent interaction parameter defined by
Koningsveld and Staverman [18] in the expression of
the Gibbs® free energy change of mixing AG:

AG = RTL(UO In v, + 21%(?—’ Ine, + gvgvp) (44)
where t, is the volume fraction of solvent (=1 —1,)
and L, the total number of the lattice points. Parame-
ter g can be expressed by the series expansion of z,
in the form [18]-{20],

§=12 8 (49)
j=0
where g, =g,(T) and g, g2, . .. &, are the 1st, 2nd,
.., nth concentration-dependence parameters. An
alternative expression of g is given in the closed form
[21,22]

B
{-— YU,

where o and y are constants and f§ = § (T'). Between
¥ and g, the following relation holds {23].

g=o+ (46)

0g
X=g~(l—'0p)55; 47)

and equations (6) and (7) can be written as [18]

~ i
Aty = RT{ln(l —1,) +<I —}—)up

n

é
+[g -a —vp>gf—}ﬁi} (48)
p
5 1
A#Y; = RT[‘I’I Uy, — (Xz - 1) + X,(l - ?)vp

a b

+X§<g +vp—£)(1 ~v,,)‘]. (49)
v,

Substituting equation (48) into equation (8) leads
to

I ~v,n v v
. pid) . pid} p{h
0=In + Loz~ U] — -

b=tpu Xy X
08
3y 1 ek A s !2 o
+ {gm (=) e, Poy
0g,
— {g(,)~{l ——Upm]ﬁ}vf,sz (5
P
where
g =gl vyl (51a)
g =gIT. vyl (51b)
98w _ 08(T, vy) (510
v, 0y lp~um
%y %05 (51d)
% 6vp Tp = Lpi2)
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Substituting equation (49) into equation (9), one
obtains

U _ Yy

Go= =00 = )] + [p_ - —]
? X0 Xy
l:gm + Up(z) %o jl[l — v F

+|:gu)+”pu)a :l[l vy -

Combination of equation (50) and equation (52)
yields

(52)

@
bk 1 _[g(z) g(n)]
—Up

go=In—F=

0g
+Up(2){23<2)—[1 U] Um}

p

g(l)
Up

[equation (50)] gives

— Uy {28(1) —[1- p(l)] (53)

[equation (53)] x [v,q) + vp]/2 —

a4l + Vo) by By

—CO T RO L 1y = vp) | 2L — 22
p(2) p(l) Y

2 Xn(]) n(2)

" [l Lyt Upm] n -0y
2 L =250

Yoy + Up)

— 8o — 8wl I:Up(l)vpa) - 2 =

Yoy ~ Yoy 080
4B Te@ )7, rp
2 {avp [

Vo]

0g
+ 5(” (1)[1 (1)]}=0

Equation (54) represents the two-phase equilibrium
conditions.

If we substitute equations (40a)—(40d) or equations
(41a)~(41d) into equations (54) and (50), we obtain
equations (55) and (56) respectively:

Ry =k20E)

+(lo——-l +v0)ln : _Ug:()
v, 2 1—v,
1+,
2
1 - og
+—2 UPIZEZVO(I

og o |2
+6vp(1 vp):l-—

(54)

+vo—1+@ (—v_y)

—(g*—g)[vg—
vhv)

(55)
and

1 -2y
2gv5 (vo— l)+lnﬁ,—9—Ka’3
P

—(g*—g) (1 —2v3v)

a *
_vg[%vo(l
P

9
) —5;5(1 - ug)] =0 (56)
P

where
=8 (57a)
g* =gy (57b)
og ag(l)
- = 57
dv, o, (57¢)
og* 58(2)
— == 57d
ov, 0Ov, (57d)
for
vp <v$
and
£=gy (58a)
g¥= gy (58b)
og _ 68(2)
oo, o, (58¢)
og* agu)
=== 58
v, 0y, (58d)

for v?>v¢. Equation (55) is Solc’s CPC equation
when the concentration dependence of g is taken into
consideration. If g is independent of polymer concen-
tration, the last two terms disappear, and equation
(55) reduces to equation (42) and equation (56) to
equation (43). Equation (55) can be solved definitely
if vy and v_, are evaluated.

When y is used instead of g, equations (54) and (53)
become equations (59) and (60), respectively:

35[vp0) + Vo) Yy _ Yo
p) P p(l) Xn(l) Xn(Z)
Vo) T+ Up2) -0, X
+ [l — 5 LIC PN - vp(” + 5[vpm— N
P
1

P; (vf:u) - U{;(l)):l =0 (59)

1
gi=In % + 20 4 oy — Tpa]
1—-v p(l)

v{,{,,’]}. (60)

S+ [vp(z)
The above derivations of equations (23) and (24) (in
the method of Kamide et al.) seem rather laborious
and complicated and it is not easy to compare the
equations in these two methods. This reflects that the
calculation of the CPC is, in spite of industrial
importance, very tedious, unlike the critical solution
point (CSP), binodal and spinodal curves. Figure 1
demonstrates a schematic route for the derivations of
the equations. Although both methods are based, as
described, on the same theory (i.e. modified
Flory-Huggins) combined with Gibbs® two phase
equilibrium conditions [equations (8) and (9)], the
method of Kamide er al. has a more general character
than Solc’s from the viewpoint of the consideration
of the molecular weight-dependence of the y-parame-
ter [3].
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Kamide et al. (1984)
Apro=bsto(Ve, Xny X o0, k', Py) (eq 6)
A[.l x1=Al.l X1 (VXA) Vo, xl [ xl\l X ooy k' [ pJ) (eq 7)
Solc (1970) or Jolc et al. (1984)
Au n’-'-Al.lo[vgz Xs, (gr ag/avp)] (eq 48)
eq 6'
Apxi=Ap XA[VX11 Vey Xi, X., (g, ag/avp)] (eq 49)
eq 7' .
P! v
Appocnr=Aptoca (eq 8)
AB x1cn=h e xi 2y  (eq 9)
Solc (1970) Solc et al. (1984) Kamide et al. (1984)
X 00=X 0o (€9 29) G=G (eq 50) X 00=X oo (eq 10)
0 0=0 o (eq 30) g 0=0, (eq 52) go=0, (eq 12)
00100y (eq 13)
(Elimination of X,,, and X, (,,)
eq 29+eq 30 eq 50+eq 52
00=0o(Vsc1)s V() Xao) 0070 o (Voc1rs Vocrrs Baidsr Beody
(eq 31) 08¢1)/0V,s, 38(2)/3Vs)
(eq 53)
eq 31X (Vo (1)*Vp (1)) /2 eq 53X (Vo (1) *Ve(2)) /2
—eq 29 —eq 50
modified two-phase equilibrium
condition (eq 32 or 54) Fundamental equation v
00(00" 001%)-00=0
eq 40a-d and 4la-d (eq 23)
001(00% 001°)-00.:0
CPC equation (eq 24)
[F(o,)=0 (eq 42 or 55) |
Fig. 1. Schematic route of derivation of fundamental equations [equations (23) and (24)] and CPC
equation [equation (42) or equation (55)].
Figure 2 shows an outline of the two methods for SZ type
calculation of x{§ in the case of k’=0and p,=0. In 0o _ 0 0
the Kamide method, we can obtain ¢ by put](ing Vo Xivg=l@+2X,—(g+ X, (61)
and X, (or v, and X, ;) and xq, all expressed as Wesslau type
a function of ¢} into a fundamental equation. On the
other hand, in § ; X2 =@yt (62)

olc’s method, v_, and v, are given as
functions of ¢3. In addition, in the former method
Upys Upys Xnay and X, are estimated from the
summation of v, =~ and v,  , which are calculated
from equation (163 or (17) with the polymer volume
fraction of X;-mer in the original solution, 3% . Solc’s
method has a characteristic feature in calculating v_,
and v, from expanding the expression of the statistical
moment y, of the original MWD [see equation (38)].
Here, y, can be calculated from the average X, of the
original polymer only. Additionally, the higher-order
average X, for the polymer with a Schulz-Zimm (SZ)
type and Wesslau type MWD can be determined from
the number- and weight- average X;, X° and X9:

Therefore, the calculation of v, by equation (38) can
be readily performed for such polymers. However, for
MWD other than the above distributions, the higher-
order average X, cannot be calculated simply from X ?
and X9, and in these cases, v_, and v, should be
evaluated using equation (37') and this kind of
calculation is of course extremely tedious. In contrast,
the method of Kamide er al. can apply to any
polymer with known MWD.

In the Kamide method, the factors governing the
calculation accuracy are the maximum X,, X,,, and
the total number of components N {N = X_, /DX;
DX, the distance of the adjacent two X, utilized in the
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Kamide et al.

IInEut go" }_

Calculate

Vocirr Xncry (O Voiays Xnqay)
(eq 16—19)
X oo {eq 28)

0 o(00%)—0,o"=0
(eq 27)

[ X 00%" (eq 28) ]

Bolc

Calculate

V-1r Vo
(eq 38)

[ X oo0“" (eq 43) ]

Fig. 2. Outline of two methods for calculation of yy, for k" =0 and p,=0.

calculation [see, equations (63) and (64)]}. and in
Solc’s method, #,, in equation (38’).

Table 1 shows the comparison of characteristic
features of the above two direct methods.

In this article, in order to avoid the above
mentioned uncertainty of Solc’s method, we also
employed our direct integral procedure [equations
(63) and (64)] for estimating v;” and X in Solc’s
method {equation (59)] in addition to Solc’s original
procedure [infinite series expansion procedure,
equation (38')] and compared the two procedures
(see Table 3).

COMPUTER EXPERIMENT

The computer experiments were carried out under
the following conditions:

The original polymer was assumed to have the SZ
type MWD with X = 2117 and X /X' = 2.8, which
has the same MWD as employed before for computer
and actual (atactic polystyrene) experiments of phase-
equilibria [3]. The first and second order concentra-
tion dependence parameters were taken as p, = 0.643
and p,=0.200 (this is a combination of p, and p,
experimentally  determined for the atactic
polystyrene/cyclohexane system) [3] and x was
assumed to be independent of the polymer molecular
weight [i.e. k(= k,) = 0]. In the Kamide method, we
regarded that the equation (25) was solved when the
condition of |o (¢3) — 03] < 0.2 x 107° was satisfied;

in Solc’s method, we regarded that the equation (59)
was solved when the condition of
|F(63)] < 0.2 x 107? was satisfied. In the method of
Kamide ez al., we performed the calculation of v
and X, given by the following equations, respec-
tively,

N
0P =¥ v®(X,) DX

i=1

N cp X
Xf,p=v°"/ ZU /‘(/ ')‘DX

p

(63)

(64)
i=1 i

under the condition of X, =25000, DX =5 and
accordingly, N = 5000 which is a reasonable compo-
nent number for the SZ type distribution [24). In
Solc’s method, when |[v(h') — v(h’ — 1)| was smaller
than 1.0 x 1072, v, was considered to be determined,
i.e. h’' = h,, [see equation (38")]. All calculations were
performed using FACOM M360.

RESULTS AND DISCUSSION

Figure 3 shows the left-hand side of equation (25)
plotted as a function of ¢§. At the point where the
left-hand side term becomes zero (denoted by open
circle in the figure), the assumed o, (o'j}) coincides with
the true o and that is the solution of equation (25).
From equations (14) and (15) we obtain the critical
polymer volume fraction v, =0.0766 for the
polymer—solvent system. In the range of v)<uv}

Table 1. Comparison of characteristic features of two direct methods for estimating CPC proposed for system of
multicomponent polymers in a single solvent

Solc (1970) Solc er al. (1984) Kamide et al. (1984).
Theory Modified F-H Modified F-H Modified F-H
Polydispersity + + +
¥ -parameter (or g-parameter)
Concentration dependence — + +

Molecular weight dependence —
Fundamental equation Equation (42)
(CPC equation)
Method of integration

Polynomial method using expansion of
exponential (accompanied with many
integration)

Equation (55)
(CPC equation)

+
Equations (23) and (24)

Direct-integration
(Newton-Cotes
integration
method)

F-H; Flory-Huggins, + ; considered, —; not considered.
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1r(a) v§ <V (v2=0.005) Eo'ome
OL

<
(=}
~
x
obo -1
&
0o =2
bo
=
s -3f
-4 ! ! L ! 1
o (b) v§>v§ (v3=0.15)
€ 15k
»
UbQ 10[_
1
m
5
QbO r
-
L)

a? x 10*
Fig. 3. Plots of main equation o, (¢§) — ¢} vs ¢j: original
polymer, SZ type distribution (X% =2117 and X%/X%=
28) p; = 0.643, p2—0200 and k,=0. v;=0.0766; (a)
L = 0.005 and (b) v =0.15. Open circles correspond to the
solution.

(e.g. vy = 0.005), equation (25) is zero at ¢j =0 and
decreases with increase in ¢} and attains zero again
at o3 = 6.8 x 107* after passing through a minimum
(Fig. 3a). The latter value among the two solutions
(0§ =06.8 x lO 4) has evxdently physical meaning. In
the region v)> v (e.g. v)=0.15), there are two
solutions: 00—0 and 9.6 x 10-* (Fig. 3b) and of
course the latter has physical meaning.

387

Figure 4 shows the left-hand side of equation (25)
(i.e. [o4(08) — a5]), 0§ and v) relations. In the figure
the axis of ordinate is the difference a,(c%) — a and
two abscissa are o§ and v]. Here, v% was varied from
0 to 0.20 and the open circle is the CSP for this
system. ao(a;])-a(', at a given LO has a minimum
without exception in the range v <wvi and has a
maximum in the range v)> 0§ Note that in the
region near the CPC the 00(00)—03 Vs o} curve
becomes flat and as a result, unless magnified, the
positions of the minimum and maximum of the curve
cannot be determined. Although in this case, the error
accompanied by the computer simulation becomes
sometimes very large, depending on the calculation
procedure used, the employment of a double preci-
sion method enables us ambiguously to determine the
solution, which has physical meaning. The o vs v,
curve is continuous. but the polygonal line whose
polygonal point agrees well with the CSP, at which
the first order differential of o with respect to ¢,
changes sign from negative to positive.

Flgure 5 shows the results obtained by solving
Solc’s “CPC equation” [in this case equation (59)]
with direct integration of #;f and X}” under the same
conditions as those in Fig. 3 (including n = 2). In the
figure the axis of ordinate F(o}) is defined by the
left-hand side of equation (59). As in Fig. 4 the open
circle is the CSP and the bold full line is the g vs v
relations, which is, as expected, in excellent coinci-
dence with that estimated by the method of Kamide
et al.

Table 2 summarizes the oy and y;" values deter-
mined over a wide range of v by the method of
Kamide er al. {equations (25) and (26) with equations
(63) and (64)] for the polymer with a SZ type

K : \j\
10
n
o) N
4
x 5
:O
©
I [o]
e >
)
= -5
b 0.15
-10
6
0.10
-15
ol S 4
V: A vc>
0.05 e
2 x
l;;o
5 [ o |
(o] 4 8 12 16 m
)
, a3 x10° >
} ¥
b
\Y/ -4
-6

Fig. 4. Three dimensional plots of main equation g, (¢3) —~ 63 in g —v p]ane original polymer, SZ type

distribution (X¢=2117 and X%/X%=

2.8); p, = 0.643, p,=0.200 and k0 =0. Broad solid line, 63 vs v}

curve and open circle, CSP (v} = 0.0766).
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m

2
[o}
-
b o x
4~ 8 12 16 Sg’
3 x10* 2
-4
-6

Fig. 5. Three dimensional plots of Solc’s CPC equation in ¢§— v} plane: original polymer, SZ type
distribution (X% = 2117 and X3/X%=2.8); p, =0.643, p, = 0.200 and k, = 0. Broad solid line, 6§ vs v}
curve and open circle, CSP.

distribution (with X% =2117 and X%/X? = 2.8) dis-
solved in a single solvent (p, = 0.643 and p, = 0.200)
and Table 3 collects o and x§ values estimated by
both our direct integral procedure [equations (63) and
(64)] and polynomial expansion procedure [equation
(38’)], which was originally used by Solc [7], of Solc’s
method [equations (55) and (66)] for this poly-

mer-solvent system. go(¢{?) — o (in Table 2) and
F (o) (in Table 3) are also compiled for comparison.
In Table 3, h,, values, defined in equation (38"), of v_,
and v, in Solc’s polynomial expansion procedure are
also listed. In that procedure, when v) < 0.001 and
v520.14, v_, and v, could not be solved because of
an overflow error inherent to the computer which was

Table 2. Kamide’s ¢ and x{¥ at various initial concentration vg

Kamide et al. [equation (25)]

vp oF-10° (o) 10° o) —of x5
0.0005 0.8294649 0.8294649 —0.4482421-107" 0.5068843
0.0010 0.7894527 0.7894528 0.1415837-107° 0.5066481
0.0050 0.6765704 0.6765704 0.7176568- 10~ 0.5060174
0.0100 0.6083617 0.6083617 0.5377310-107" 0.5057250
0.0200 0.5090541 0.5090541 0.2419572-107 " 0.5054728
0.0300 0.4213474 0.4213474 0.3975748-107 " 0.5053957
0.0400 0.3351164 0.3351164 —-0.3007202- 10~ 0.5054140
0.0500 0.2472484 0.2472484 —0.5211310-1071 0.5055011
0.0600 0.1561916 0.1561916 —0.1052424-1071 0.5056444
0.0700 0.0608670 0.0608670 —0.3051619-107 1 0.5058373
0.0750 0.0115759 0.0115759 0.1039669-10~ ' 0.5059510
0.0800 0.0396350 0.0396350 —0.3753067-10~ "% 0.5060758
0.0900 0.1462143 0.1462143 —0.2102899-10~ " 0.5063576
0.0100 0.2596227 0.2596227 —0.1265839-10~" 0.5066815
0.0110 0.3807023 0.3807023 —0.1521097-10-1 0.5070466
0.0120 0.5102899 0.5102899 —0.2331810-10" 0.5074529
0.0140 0.7984784 0.7984784 ~0.1421412-10°% 0.5083891
0.0160 1.1315560 1.1315560 —0.6910338-10-12 0.5094934
0.0180 1.5176370 1.5176370 0.4824771-107 "2 0.5107717
0.0200 1.9657260 1.9657260 —0.6988389- 1012 0.5122314
0.0220 2.4858450 2.4858450 —0.1026131-10°" 0.5138814
0.0240 3.0891580 3.0891580 0.4405498-10~ 12 0.5157317

Critical volume fraction of polymer, v} = 0.0766.
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Table 3. Comparison between direct integral procedure’s x§f and polynomial expansion procedure’s x? in Solc’s method at various initial
concentration )

Solc [equation (59))

Direct integral procedure
[equations (63) and (64)]

Polynomial expansion procedure
[equation (38")]

h,, [in equation (38)}

vy e 10° F(ai® b e 10° F(od xeP (v_y) (vp)
0.0005 0.8294649 —0.7593535-10° ¢ 0.5068843 — — — e—
0.0010 0.7894527 —0.1014228-10"° 0.5066481 — — — —
0.0050 0.6765704 —0.3773043 -10°'° 0.5060174 0.6518013 —0.1113997-10 ! 0.5059439 86 92
0.0100 0.6083617 —0.1331231-10°"° 0.5057250 0.5992784 —0.3376525-10 """ 0.5057003 86 92
0.0200 0.5090541 ~0.8792652- 10" 0.5054728 0.5075786 0.7825293-10° 2 0.5054687 51 82
0.0300 0.4213473 0.1091864-10~" 0.5053957 0.4211462 0.2798365- 10 "? 0.5053949 35 54
0.0400 0.3351163 0.1809232-10" 2 0.5054140 0.3351130 —0.8670955-107 "3 0.5054139 25 38
0.0500 0.2472481 0.1244593-10 2 0.5055011 0.2472661 0.2722552-10° 1 0.5055011 18 28
0.0600 0.1561907 0.4493058-10 1 0.5056444 0.1562089 —0.4949065 1071 0.5056445 13 19
0.0700 0.0608585 —0.7216050-10 % 0.5058373 0.0608771 —0.1847419-10° 1% 0.5058374 8 12
0.0750 0.0113003 0.3773422-10° "7 0.5059510 0.0113208 —0.1137062-107"7 0.5059511 5 7
0.0800 0.0396627 —0.4629522-10""7 0.5060758 0.0396428 —0.2542743-107'¢ 0.5060759 7 10
0.0900 0.1462171 0.1506270-10 0.5063577 0.1461947 0.1645313-10° ' 0.5063578 13 19
0.0100 0.2596240 0.2325195-10° 1 0.5066815 0.2595989 —0.7688479 -10 ¢ 0.5066516 19 29
0.0110 0.3807031 —0.6260194: 1013 0.5070467 0.3806752 —0.4512228-10°'% 0.5070468 29 46
0.0120 0.5102906 0.1878492-10° 1 0.5074529 0.5102594 —0.1049305-10 © 0.5074530 52 83
0.0140 0.7984789 0.1711582-10 " 0.5083891 — — — —
0.0160 1.1315570 —0.6531676-10 " 2 0.5094934 — — — —
0.0180 1.5176370 0.2015865-10 12 0.5107717 — — — —
0.0200 1.9657260 0.7947712-10 2 0.5122314 —_ — — —
0.0220 2.4858460 —0.1260222-10 " 0.5138814 — — — —
0.0240 3.0891590 0.7575863-10'* 0.5157317 — — — —

—, Calculation is impossible because of overflow.
Critical volume fraction of polymer, v} = 0.0766

caused by large o, value, For example, at v = 0.001
both v_, and v, could not converge even at 7 = 500
in equation (38) and finally an overflow error
occurred. The same overflow error appeared, e.g.
vp=0.14. On the other hand, in the Kamide method,
such an overflow error did not occur under any
conditions and accordingly the CPC can be calcu-
lated over the whole range of vJ. Moreover, the
fundamental equation [equation (25)] is expressed in
terms of the difference between the true ¢§’ and the
assumed o3 and then, at the true cloud point, which
was independently determined, ¢j coincides com-
pletely with o as theory requires.

In the range of 0.005 €0 £0.12, the difference
between ¢ by the method of Kamide et a/. and o
by Solc’s polynomial expansion method increases
remarkably as v) decreases. For example, at
v9=0.005, Solc’s o is ca 3.7% smaller than
Kamide's 6§ . In Fig. 6, the CPC values calculated by
both Kamide’s method and Solc’s polynomial expan-
sion method are shown as solid and broken lines,
respectively: Solc’s CPC is apparently underesti-
mated, compared with the CPC by Kamide in the low
v) region. For example, at v) = 0.005, Solc’s
(xP—1/2) is 1.22% smaller than Kamide’s
(xP — 1/2). Considering the high accuracy of off
value by Kamide’s method, we can conclude that the
method yields more accurate CPC at low v{ region
than Solc’s original method does. If we adopt the
direct integration procedure [equations (63) and (64)]
in place of the polynomial expansion procedure
[equation (38")] in calculating v_, and v, in Solc’s
method, we can avoid the error which is contained in
the polynomial expansion method. Truly, the differ-
ence between o by Solc’s methed with a direct
integration and ¢ by Kamide method is very small,
although the difference amounts to at maximum 3%

or less near the CSP, and then y{’ values by both
methods coincide perfectly.

A merit of Solc’s polynomial expansion method is
the relatively short calculation time. Especially
near the CSP, A, is <10 and then, the calculation
time is greatly shortened. For example, in the range
of 0.005 §vg§0.12, the calculation time of Solc’s

0.507%5

0.5070

0.5065

cp
°

0.5060

0.5055

0.5050 1 v —
5
o 2
vy x 10

Fig. 6. Comparison of CPC obtained bé the method

of Kamide et al. (solid line) and by Solc’s method

(broken line): original polymer, SZ type distribution

(X% = 2117, X%/ X% =2.8) and p, = 0.643, p, = 0.200, k' = 0.
Open circle, CSP.
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method is < /10 of that of Kamide’s method. But the
following points should be noted: Kamide’s method
gives v? (X;), accordingly, X and X concurrently,
as the result of the calculation. In contrast, Solc’s
method needs independent calculations of not only
v (X,) but also v,(X)), if the MWD of the polymer
partitioned in ‘““cloud particle” is required. Much less,
when X® and X are needed, we must calculate
progression of v, and v, . In addition, if we try to solve
the overflow problem of v_, and v, for large a,, the
computation time becomes very long and accuracy of
calculation is unavoidably reduced.

When the accurate CPC calculation is needed over
a whole range of v, the method of Kamide et al. is
strongly recommended. If CPC calculation only near
the CSP is required, Solc’s method is sufficient.

Figure 7 shows the v) dependence of ¢, the
concentration of cloud particle » and xf°, deter-
mined by Kamide and Matsuda’s method [3, 4] Here,
the open circle is the CSP and the chain line (in Fig.
7b) denotes the v = v} line. The o vs v] curve is
continuous (as shown in Fig. 3) even at the CSP at
which ¢ becomes zero (Fig. 7a). We cannot expect
any preferential partitioning of polymer molecules
based on the difference in molecular weight. In
contrast v  decreases  continuously  and
monotonously with increasing v}, (Fig. 7b), and coin-
cides at the CSP with v). The y{f vs v} relation is also
continuous at the CSP (Fig. 7c).

4.

(a)

x 103

cp
o

-}

p
Vo

L 1
0'500 0.1 0.2

v

Fig. 7. The partition coefficient, the polymer volume frac-

tion, and y, — parameter at true cloud point, ¢§°, v and

%P, plotted as a function of »3: original polymer, SZ type

distribution (X9 =2117 and X%/X%=28);, p, =0.643,

p,=0.200 and k,=0. Open circles correspond to CSP
(v = 0.0766).
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Fig. 8. CPC (solid line) and shadow curve (chain line):
original polymer, SZ type distribution (X%=2117 and
X%/ X% =28), p, = 0.643, p, = 0.200 and k, = 0. Open circle,
CSP.

After estimating the shadow curve from Fig. 7b
and overlapping with the CPC (Fig. 7c), Fig. 8 is
obtained. In Fig. 8 the chain line is the shadow curve
(x& vs v2), the full line is the CPC (3 vs v] curve)
and the open circle is the CSP. The shadow curve is
also continuous at the CSP. The CPC and shadow
curve always have downward curvature (i.e.
d? z§?/dv? > 0 and d? x§f***¥ /dv? > 0) and any depres-
sion around the CSP cannot be observed. This is
really characteristic of a polymer having a SZ type
MWD dissolved in a solvent with molecular
weight independent y. In contrast, the CPC has the
depression at the CSP for the same system as shown
in Fig. 16 of Ref. [3].

We can easily draw the limiting tie-line (i.e. tie-line
for x, = x°) in Fig. 8 at any initial concentration v}.
The polymer concentration on the shadow curve, in
other words the concentration of the polymer parti-
tioned in “‘cloud particle”, must be important infor-
mation enabling us to predict the polymer solid
structure formed by the two phase separation.

Summarizing, the two direct methods of calculat-
ing the cloud point curve (i.e. those of Kamide et al.
and Solc) were shown to be based on the same
theoretical principle and it was made clear that the
main difference between the methods is in the proce-
dure of integration of v’ and X and that the direct
integration method of Kamide et a/. has more general
character than Solc’s polynomial expansion method
from the viewpoint of easy and accurate calculation
of any types of MWD without limitation.
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